



















MODIFIED ZETA FUNCTIONS AS KERNELS OF INTEGRAL
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, where K ⊂ N, onverge
absolutely for Re s > 1/2. These generalise the Riemann zeta funtion whih
is known to have a meromorphi ontinuation to all of C with a single pole at
s = 1. Our main result is a haraterisation of the modied zeta funtions that
have pole-like behaviour at this point. This behaviour is dened by onsidering
the modied zeta funtions as kernels of ertain integral operators on the spaes
L2(I) for symmetri and bounded intervals I ⊂ R. We also onsider the speial
ase when the set K ⊂ N is assumed to have arithmeti struture. In partiular,
we look at loal Lp integrability properties of the modied zeta funtions on the
absissa Re s = 1 for p ∈ [1,∞].
1. Introdution






, K ⊂ N, (1)
near the point s = 1. Here s = σ + it denotes the omplex variable. The innite
series dening these funtions onverge absolutely in the half-plane σ > 1. We
refer to these as K-zeta funtions. Note that for K = N, the formula (1) denes
the Riemann zeta funtion.
The main objetive of this paper is, for general K ⊂ N, to nd an operator-
theoreti generalisation of the lassial result, due to B. Riemann, that the Rie-
mann zeta funtion an be expressed as
ζ(s) =
1
s− 1 + ψ(s), (2)
where ψ is an entire funtion. (See [Edw74℄ for an extensive disussion, as well as
an English translation, of Riemann's original paper.)
To motivate this approah, we note that although N. Kurokawa [Kur87℄ found
suient onditions on the sets K for ζK to have an analyti ontinuation aross
the absissa σ = 1, it was shown by J.-P. Kahane and H. Queele [Kah73, Que80℄
that for most hoies of the subset K, in the sense of Baire ategories, the K-zeta
funtions have the absissa σ = 1 as a natural boundary. So, instead of looking
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at the formula (2) as a statement about analyti ontinuation, we onsider it as
saying that the loal behaviour of ζ(s) at s = 1 is an analyti, and therefore small,
perturbation of a pole with residue one.
To interpret this in operator-theoreti terms, we dene, for K ⊂ N and intervals
I of the form (−T, T ) with nite T > 0, the family of operators






g(τ) Re ζK(1 + δ + i(t− τ))dτ ∈ L2(I).
Here the harateristi funtion χI is applied to emphasise that we look at L
2(I)
as a subspae of L2(R). To understand these operators, we onsider the example
K = N. The formula (2) implies
Re ζN(1 + δ + it) =
δ
δ2 + t2
+ Reψ(1 + δ + it),
whene
ZN,I = Id + ΨN,I , (3)
for a ompat operator ΨN,I and the identity operator Id. Indeed, the term
π−1δ/(δ2 + t2) is the Poisson kernel whih, under onvolution, gives rise to the
identity operator, while onvolution with ontinuous kernels give ompat opera-
tors (see Lemma 2). Hene, ZN,I is a ompat, and therefore a small perturbation
of the identity operator.
In Theorem 1, we generalise the above formula in the following manner. We
show that given K ⊂ N, and a bounded and symmetri interval I ⊂ R, there exist
a subset L ⊂ R and a ompat operator ΦK,I suh that
ZK,I = χIF−1χLF + ΦK,I .
We remark that, intuitively, large K ⊂ N should orrespond to large L ⊂ R. In
fat, it follows from our onstrution (see (6) below) that if K = N then L = R.
Hene, χIF−1χLF = Id and we obtain again the formula (3).
For general K we present two additional results. In Theorem 2, we haraterise
for whih K the operator ZK,I is bounded below. By a stability theorem of semi-
Fredholm theory, it turns out that this takes plae if and only if the prinipal term
of (7), the operator χIF−1χLF , is bounded below. So, heuristially, a lower norm
bound may be thought of as deteting the presene of a mass in the kernel of the
integral operator ZK,I . Along with a result by B. Panejah [Pan66℄, this enables
us to show that the operator ZK,I is bounded below in norm exatly for the sets






where πK(x) is the ounting funtion ofK. Note that this ondition is independent
of the interval I. In Theorem 3, we obtain a omplete haraterisation of when ZK,I
satises a formula of the type (3), in the sense that it is a ompat perturbations






exists. Theorem 3 losely mirrors a reent generalisation, due to J. Korevaar, of
a lassial tauberian result of S. Ikehara [Ike31℄. Indeed, a formula of the type
(3) holds if and only if a formula of the type (2) holds, where the appropriate
substitute for ψ extends to a niely behaved distribution on the absissa σ = 1.
We also onsider K-zeta funtions for whih K ⊂ N is assumed to have arith-
meti struture. More speially, we look at the ase when K onsists exatly
of the integers whose prime number deomposition ontain only fators belonging
to some speied subset Q of the prime numbers P. In this setting, the limit
(5) always exists, implying that theorems 1 to 3 are simplied. We state this as





Also, more detailed information about the K-zeta funtions, in terms of ertain
Lp estimates on the absissa σ = 1, is obtained. This is stated in Theorem 5.
Finally, in Theorem 6, we show that a prime number theorem for the subset of
the primes Q, in a sense to be dened, neither implies, nor is implied by, a lower
norm bound for the operators ZK,I .
We make some remarks on related work. The operator ZN,I appears in the
ontext of Hilbert spaes of Dirihlet series in a paper by J.-F. Olsen and E.
Saksman [OS09℄ (see also setion 7). In work done by J.-P. Kahane [Kah98℄, a
losely related funtional is used to give a proof of the lassial prime number
theorem. Also, F. Moriz [Mór99℄ found preise estimates of the Lp norms of a
lass of funtions ontaining the K-zeta funtions, along the segment s ∈ (1, 2) in
terms of the ounting funtions πK .
The struture of this paper is as follows. In setions 2 and 3 we state and prove,
respetively, theorems 1 and 2. In the latter setion, we also make some omments
relating our results to frame theory. Next, the Ikehara-Korevaar theorem is stated
along with Theorem 3 and its proof in setion 4. In setions 5 and 6 we present
results obtained under the additional assumption that K has arithmeti struture.
These are theorems 4 and 5 and 6. Finally, in setion 7, we give some onluding
remarks.
2. A generalisation of Riemanns formula
In this setion we give a generalisation of the formula (2). Note that we use the
onvention





for the Fourier transform on L2(R). Moreover, for I ⊂ R we identify the spae
L2(I) with the subspae of L2(R) onsisting of funtions with support in I. In
this way, we give sense to the expression Fg for g ∈ L2(I).





((− log(n+ 1),− logn] ∪ [ log n, log(n+ 1))). (6)
Then there exists a ompat operator ΦK,I suh that
ZK,I = χIF−1χLF + ΦK,I . (7)
Proof. The theorem is essentially the observation that by expanding the Dirihlet




























is given by a ompat operator Φ. Note that for g ∈ C∞0 (I) this sum onverges
absolutely sine gˆ(ξ) = O ((1 + ξ2)−1). In partiular, sine the Fourier transform
is bounded, this implies that ZK,I is bounded as an operator on L2(I). (This also
follows from the fat that ZN,I is bounded and the remarks following Theorem 2
relating these operators to frame theory.)




((− log(n+ 1),− logn] ∪ [ log n, log(n+ 1))).
In order to simplify notation, we set L+ = L ∩ (0,∞) and onsider the dierene








It sues to show that this is given by a ompat operator, say 2πΦ+. The same
argument then works on the negative frequenies by taking omplex onjugates,
giving us a ompat operator 2πΦ−. With the hoie Φ = Φ+ + Φ−, the proof is
omplete.
By adding and subtrating intermediate terms, we see that the dierene (9)
an be expressed as∑
n∈K
1






















We want to interhange the integral and sum signs in these expressions. For




|gˆ(logn)nit − gˆ(ξ)eiξt|dξ ≤ C‖g‖L2(I). (10)
for some onstant C > 0. Note that by expressing the dierene inside the absolute
value as a denite integral, we have∫
Ln
|nit − eitξ|dξ ≤ |t| 1
n2
.
Pulling the absolute value sign inside of the expression for the Fourier transforms
in ombination with this inequality, gives us the bound∫
Ln


















Taking the sum, and using the Cauhy-Shwarz inequality, we get (10) with on-












n log(1 + 1/n)
∫
Ln
(niτ − eiξτ )dξ.
By the same bound we used above, this sum onverges absolutely and therefore
























α(t− τ) + β(t− τ)
)
dτ,
and so the ompatness of Φ+ follows from Lemma 2. By the omments of the
rst half of the proof this implies that Φ is also a ompat operator. 
3. Charaterisation of ZK,I whih are bounded below in norm
The following theorem explains when the operator ZK,I is bounded below.
Theorem 2. Let K ⊂ N be arbitrary, I ⊂ R be a bounded and symmetri inter-
val, and L ⊂ R be given by the relation (6). Then the following onditions are
equivalent.
ZK,I is bounded below on L2(I) (a)
χIF−1χLF is bounded below on L2(I) (b)





Before we give the proof, we mention a orollary of Theorem 2. Reall that a
sequene of vetors (fn) in some Hilbert spae H is alled a frame if for all f ∈ H
there exists onstants suh that
∑ | 〈f |fn〉 |2 ≃ ‖f‖2. It is a basi result of frame





















, . . .
)
, (11)
where n is understood to run through K ∪ (−K). It is readily heked that
equation (8) says exatly that 2πZK,I is the frame operator of the sequene GK
when restrited to the spae L2(I). Hene, we get the following.
Corollary 1. Let K ⊂ N be arbitrary and I ⊂ R be a bounded and symmetri
interval. Then the sequene of vetors GK given by (11), restrited to the interval
I, forms a frame for L2(I) if and only if any of the onditions of Theorem 2 holds.
The proof of Theorem 2 hinges in an essential way on the following lemma.
Lemma 1 (Seond stability theorem of semi-Fredholm theory). Let X, Y be Ba-
nah spaes, let Z : X → Y a ontinuous linear operator that is bounded below and
Φ : X → Y be a ompat operator. If Z + Φ is injetive, then Z + Φ is bounded
below.
A proof of this lemma may be found in [Kat66, p. 238, Thm. 5.26℄.
Proof of Theorem 2. We proeed to show the equivalenes (b) ⇐⇒ (c) and
(a) ⇐⇒ (b).
(b) ⇐⇒ (c): Condition (b) says that F−1χLF is bounded below on L2(I). We
begin by establishing that this is equivalent to χLF being bounded below from
L2(I) to L2(R). Indeed, one diretion is lear sine
‖χLFg‖L2(R) = ‖F−1χLFg‖L2(R) ≥ ‖χIF−1χLFg‖L2(I).
To prove the onverse, assume that there exists some δ > 0 suh that for g ∈ L2(I)
‖χLFg‖L2(R) ≥ δ‖g‖L2(I). (12)
Moreover, assume that for all ǫ > 0 there exists an gǫ ∈ L2(I) suh that
‖χIF−1χLFgǫ‖L2(I) ≤ ǫ2‖gǫ‖L2(I).
This implies that
‖χIF−1χLCFgǫ‖L2(I) ≥ ‖gǫ‖L2(I) − ‖χIF−1χLFgǫ‖L2(I)
≥ (1− ǫ2)‖gǫ‖L2(I).
On the other hand, the inequality (12) implies that
‖χIF−1χLCFgǫ‖2L2(I) ≤ ‖F−1χLCFgǫ‖2L2(R)
= ‖gǫ‖2L2(I) − ‖F−1χLFgǫ‖2L2(R)
≤ (1− δ2)‖gǫ‖2L2(I).
Combining these two inequalities, we nd that ǫ ≥ δ. This leads to a ontradition
sine we may hoose ǫ = δ/2.
We now invoke Panejah's theorem whih says that the lower norm bound of
χLF on L2(R) is equivalent to the ondition that there exists a δ > 0 suh that
inf
ξ∈R
|L ∩ (ξ − δ, ξ)| > 0.




















(a) ⇐⇒ (b): This equivalene follows essentially from the result from Lemma
1 and the identity Z = F−1χLF+Φ, where Φ is a ompat operator on L2(I) and
L is given by (6). What needs to be heked is that the lower bound of Z implies
the injetivity of χIF−1χLF , and vie versa.
By the equivalene of (b) and (c), whih we just established, we know that if
the operator F−1χLF is bounded below, then there exists δ ∈ (0, 1) suh that




We show that this is suient for the operator Z to be injetive. Indeed, dene
the operator
R : g 7−→
(












, . . .
)
.
By an easy omputation we have Z = (2π)−1R∗R. Sine an operator is always
injetive on the image of its adjoint it sues to hek that the hypothesis implies
that R is injetive, i.e. that for g ∈ L2(I) then gˆ(± log n) = 0 for all n ∈ K
implies g = 0. To get a ontradition, assume that the funtion f is non-zero.
The funtion gˆ is entire and of exponential type |I|/2. In partiular it is bounded
on R and is therefore of the Cartwright lass. A basi property of funtions in this
lass (see [Lev96, lesson 17℄) is that the number of zeroes with modulus less than









Let πK(x) be the ounting funtion for K. Then λ(r) ≥ πK(er). The existene of
the limit implies that πK(n) ≤ C log n for some C > 0. Summing by parts and



















whih onverges as N → +∞. Hene, we have a ontradition and so g has to
equal zero, as was to be shown. We an now apply Lemma 1 to onlude that Z
is bounded below on all of L2(I).
The same argument holds if we reverse the roles of Z and χIF−1χLF sine the
latter operator is injetive whenever K is non-empty. Indeed, assume that K 6= ∅
and let g ∈ L2(I) be suh that g 6= 0. It is lear that neither χLFg nor F−1χLFg
an be equal to zero almost everywhere as funtions in L2(R). To onlude, we
use the Planherel-Parseval formula. For suppose that χIF−1χLFg = 0. Sine
g = χIF−1χLCFg + χIF−1χLFg, this implies χIF−1χLCFg = g. And so
‖g‖2L2(I) = ‖F−1χLFg‖2L2(R) + ‖F−1χLCFg‖2L2(R)
≥ ‖F−1χLFg‖2L2(R) + ‖χIF−1χLCFg‖2L2(I)
= ‖F−1χLFg‖2L2(R) + ‖g‖2L2(R).
But from what is already established ‖F−1χLFg‖L2(R) > 0, whih leads to a
ontradition. This onludes the proof of the theorem. 
4. Charaterisation of ZK,I whih behave like the identity
operator
The following result desribes when ZK,I is a ompat perturbation of a salar
multiple of the identity operator.
Theorem 3. Suppose K ⊂ N and A ≥ 0. Then for all bounded and symmetri
intervals I ⊂ R, the operator dened by
ΨK,I = ZK,I −AId






As mentioned in the introdution, this theorem should be ompared to the fol-
lowing tauberian result due to S. Ikehara [Ike31℄ and J. Korevaar [Kor05℄. Indeed,
the suieny of the ondition (14) in Theorem 3 follows diretly from it. Note
that we all the distributional Fourier transform of L∞ funtions whih deay to
zero at innity pseudo-funtions. These are in general distributions.
Theorem (Ikehara 1931, Korevaar 2005). Let f(t) be a non-dereasing funtion
with support in (0,∞), and suppose that the Laplae transform






exists for σ > 1. For some onstant A, let
g(s) = F (s)− A
s− 1 .
If g(s) oinides with a pseudo-funtion on every bounded interval on the absissa






Conversely, if this limit holds, then g extends to a pseudo-funtion on σ = 1.
We remark that it follows from the Ikehara-Korevaar theorem that g extends to
a pseudo-funtion on σ = 1 if and only if e−uS(u) tends to A.
The signiane of pseudo-funtions is that they are the lass of distribtions
whih satisfy, by denition, the Riemann-Lebesgue lemma. In partiular, this im-
plies that the onvolution-type operators they give rise to are ompat operators.
To make this more preise, we give the following lemma.
Lemma 2. Let I ⊂ R be a bounded and symmetri interval and k ∈ L1(2I). Then
the operator dened by
Λ : g ∈ L2(I) 7−→ χI
∫
I
g(τ)k(t− τ)dτ ∈ L2(I),
is a ompat operator on L2(I). More generally, if (kδ)δ∈(0,1) is a net of funtions
in L1loc(R) onverging in the sense of distributions to a pseudo-funtion k, then the
operator






is bounded and ompat on L2(I).
Proof. Let en(t) denote the Fourier haraters of L
2(2I), and let the Fourier ex-










By the Riemann-Lebesgue Lemma it follows that |cn| → 0 as |n| → ∞ and the
operator Λ is seen to be ompat.










By the dual expression of the L2(I) norm this is seen to be bounded by some







with kˆN = χN kˆ. Sine F kˆN ∈ L1(2I) this is a ompat operator by the rst part
of the lemma. Moreover,
‖Λ˜g − ΛNg‖L2 ≤ ‖g‖L2‖kˆ‖L∞(|ξ|>N).
Hene the sequene of ompat operators ΛN approximates Λ˜ in the uniform op-
erator topology as N →∞. 
Proof of Theorem 3. We use Lemma 2 to hek the suieny of the ondition
(14). Reall that πK(x) is the ounting funtion of the integers K. If we set
S(u) = πK(e






s− 1 , (15)
















In any ase, by (15) it follows that
Re ζK(1 + δ + it) =
Aδ
δ2 + t2
+ ReφK(1 + δ + it),
where φK = ν(s)ψK(s), with ν(s) being a smooth funtion with fast deay suh
that ν(s) = s in the strip t ∈ (−2, 2). This ensures that ReφK extends to a
pseudo-funtion on σ = 1/2. Sine onvolution operators with pseudo-funtions
as kernels give ompat operators, the suieny now follows.
The onverse is more deliate sine it is possible for a onvolution operator to be
ompat with a kernel that is not a pseudo-funtion. For instane, the indiator
funtion χY , where Y ⊂ R is unbounded but has nite Lebesgue measure, gives
rise to suh an operator. By Theorem 1 we have the identity
ZK,I −AId = χIF−1χLF − AId︸ ︷︷ ︸
(∗)
+ΦK,I ,
for some ompat operator ΦK,I . Sine the identity operator on L
2(I) an be
expressed as Id = χIFF−1, it follows from the hypothesis that
√




denes a ompat operator on L2(I) for all bounded and symmetri I ⊂ R. We
denote it by Ψ˜. It is known that ompat operators map sequenes that onverge
weakly to zero to sequenes that onverge to zero in norm. We use this to show
that for all δ > 0,
|L ∩ (ξ − δ, ξ)|
δ
−A→ 0, as ξ →∞. (16)
Next, let ǫ > 0, write I = (−T, T ), for some T > 0, and for ξ ∈ R dene the
L2(−T, T ) funtions













It is lear that for T > 0 large enough, the real valued funtions gˆξ approximate
the harateristi funtions χ(ξ−δ,ξ) to an arbitrary degree of auray in L
2(R).
This approximation is uniform in ξ. In partiular, we may hoose T > 0 so that
1
2
δ ≤ ‖gξ‖L2(I) ≤ 2δ.
Fix some sequene |ξn| → ∞. It follows readily that the funtions gξn onverge
weakly to zero in L2(I), whene ‖Ψgξn‖ → 0 as n→∞. To obtain the onnetion




























It is lear that
(∗∗) = 1
2
∣∣∣∣ |L ∩ (ξn − δ, ξn)|δ − A
∣∣∣∣ .
Sine |χL − A| ≤ 1 and χ(ξn−δ,ξn) = χ2(ξn−δ,ξn), we use the formula (a2 − b2) =
(a+ b)(a− b) and the Cauhy-Shwarz inequality to nd
(∗ ∗ ∗) ≤ 1
2δ




By hoosing T > 0 large enough, we have (∗ ∗ ∗) ≤ ǫ/6. Hene,∣∣∣∣ |L ∩ (ξn − δ, ξn)|δ −A
∣∣∣∣ ≤ 2‖Ψ˜gξn‖L2(I) + ǫ2 .
Sine ‖Ψ˜gξn‖L2(I) < ǫ/4 for large enough n, this establishes (16).
To get a ontradition, we assume that πK(x)/x does not tend to the limit A.






This means that for any number η ∈ (0, 1) we may nd a stritly inreasing
sequene of positive numbers ξn, with arbitrarily large separation, suh that ξn →




> A + ηκ for n ∈ N.
Moreover, sine the ounting funtion πK hanges slowly, there exists a number




− A > κ/2.
Next, for ξn > 2,





































The last line follows from partial integration, and the impliit onstants are abso-
lute. By the properties of ξn, this implies that














By hoosing η = (4− δ)/4, we nd that for ξn > 2,







5. Two results in the ase when K has arithmeti struture
Assume that K ⊂ N has arithmeti struture in the sense that it is the semi-
group generated by a subset Q of the prime numbers, whih we denote by P, i.e.










In other words, ζK admits an Euler produt. A fundamental fat is that suh
K always admit an asymptoti density. We give a proof of this fat, no doubt
well-known to speialists, before turning to theorems 4 and 5.
Lemma 3. Let Q ⊂ P generate the integers K ⊂ N, and J be the integers gener-










Proof. This lemma seems to be folklore, indeed for nite P\Q it is readily known
that it holds. See for instane [MV07, theorem 3.1℄. An immediate onsequene










In partiular, if ζJ(σ) diverges as σ → 1+, then πK(x)/x tends to zero. However,
the remaining part of the lemma seems to be more diult, and no analyti proof,
or indiation thereof, seems to be readily available in the literature. Therefore we
show how one follows from the Ikehara-Korevaar theorem above.
Assume that ζJ(1) <∞ and reall that ζ(s) = (s− 1)−1 + ψ(s) for some entire
funtion ψ. By Lemma 1, it sues to show that the following funtion oinides


























Sine ζJ(1) < ∞ it is not hard to use the Euler produt formula to see that
ζJ(1 + it) is bounded above and below in absolute value for all R. This means
that the last term oinides with a pseudo-funtion on nite intervals along the
absissa σ = 1. Hene, the same is true for the left-hand side if and only if it holds
true for the rst term on the right-hand side. It is readily seen that this funtion


































ζJ(1 + δ + it)














where g(u) = πJ(e










































ζJ(1 + δ + it)























deays as |x| → ∞ and so the funtion (17) extends to a pseudo-funtion on the
absissa σ = 1. 
Hene, if J denotes the integers generated by the primes not in Q, then the
ondition (14) always holds with A = limσ→1+ ζ
−1
J (σ). By the Euler produt
representation of ζJ it is seen that ζJ(1) <∞ if and only if∑
p∈P\Q
p−1 <∞. (18)
Under these onditions () is equivalent to (18). This means that we get the
following simpler form of theorems 1 to 3.
Theorem 4. Let I ⊂ R be a bounded symmetri interval, Q ⊂ P generate the
integers K, and J be the integers generated by the primes not in Q. Then
ZK,I = ζ−1J (1)Id + ΨK,I , (19)
for a ompat operator ΨK,I. Moreover, the operator ZK,I is bounded below on











always holds with A = ζ−1J (σ). With this, Theorem 3 implies the formula for ZK,I .
Finally, Theorem 2 says that ZK,I is bounded below if and only if A > 0. By
onsidering the Euler produt of ζJ(s) it follows that ζJ(1) < +∞ is exatly the
ondition of the theorem. 
Sine (18) is equivalent to (15) with A > 0, the formula (19) may be seen as a
diret onsequene of the Ikehara-Korevaar theorem. However, more an be said
in relation to the formula (15). Note that f ∈ Lploc if f ∈ Lp(E) for any ompat
E ⊂ R.
Theorem 5. Let Q ⊂ P generate the integers K, and J be the integers generated








extends, in the sense of distributions, to a funtion in L1loc on the absissa σ = 1



















then the extension of ψ on σ = 1 is not in Lrloc for r > q.
Before the proof of the theorem, whih follows an argument similar to that of
Lemma 3, we give a lemma whih ties together summability onditions on subsets
of integers and their generating prime numbers. It follows easily by using the
measure alulus desribed by P. Malliavin in [Mal61℄, however we provide a more
elementary argument for the readers onveniene.
Lemma 4. Let f : N→ R+ satisfy f(nm) ≤ f(n)+ f(m), f(1) = 0 and f(n) ≥ 1






















and then onlude by the monotone onvergene theorem. To ahieve this we study
the linear map Df :
∑
ann
−σ → ∑ anf(n)n−σ. It is not hard to show that the
absissa of absolute onvergene is invariant under Df . Moreover, for Dirihlet
series F,G with positive oeients, it holds that Df(FG)(σ) ≤ Df(F )G(σ) +















is given by a Dirihlet series that onverges absolutely for σ > 1/2. Here we used

















Proof of Theorem 5. Both the formula
ZK,I = ζ−1J (1)Id + ΨK,I ,
where ΨK,I is a ompat operator, and the statement that ψK extends to a pseudo-
funtion on σ = 1, follow immediately from
As in the hypothesis, assume that ζ−1J (1) > 0. By the fatorisation ζ(s) =





















Under our assumption, it follows from the Euler produt formula that ζJ(1 + it)










ζJ(1 + it)− ζJ(1)
t
∈ Lqloc(R).












A brief alulation, where we use Fubini's theorem twie along with the properties
of the ounting measure dπJ ,∫
I
φ(t)



































We proeed to estimate (∗) for φ in Lq′(I). First we let q = 1. Then q′ = ∞.
Reall that I is a bounded and symmetri interval, hene I = (−T, T ) for some

















































This proves the suieny for q = 1. As for the neessity, assume that∑
p∈P\Q p





























The suieny follows sine for all r > q′ there exists φ ∈ Lq′(I) for whih∫ u
0
φˆ(ξ)dξ = x1/r +O (1) .
We leave the details to the reader. 
6. Remarks on the relation to the prime number theorem
In this setion, we present our nal result on the operator ZK,I . Let R =
(ri) be an inreasing sequene of real numbers greater than one and let N be
the multipliative semi-group it generates. We say that R is the Beurling prime
numbers for the Beurling integers N . This point of view leads to a generalised
type of number theory, initiated by Arne Beurling in [Beu37℄. The fous of the
theory is to investigate how the asymptoti struture of R relates to that of N .
For a survey, see [HL06℄. In our ase, Q orresponds to the Beurling primes and




The following is now true.
Theorem 6. Let Q ⊂ P generate K ⊂ N. Then the prime number theorem for Q
neither implies nor is implied by the lower boundedness of the operator ZK,I.
To prove the theorem, we need a lemma. Note that the symbol f(x) ∼ g(x) is
taken to mean f(x)/g(x)→ 1 as x→∞.
Lemma 5. Let Q ⊂ P generate K ⊂ N and let J denote the integers generated by





= o (1) , for all δ ∈ (0, 1). (20)
Proof. Let P = P\Q. It is lear that the prime number theorem holds for K if
and only if πP (x) = o(x/ log x). Moreover, it is readily seen that
log x
x







(πP (x)− πP (δx)).
So we have to show that πP (x) = o(x/ log x) is equivalent to the statement that for
all δ > 0 it holds that πP (x)− πP (δx) = o(x/ log x). One diretion is immediate.













+ o (1) .








Proof of Theorem 6. Reall that by Theorem 4, the lower boundedness of the op-












First we seek a set of primes Q for whih Panejah's ondition holds but the
prime number theorem does not. This part of the theorem follows by omparing
the ondition (22) to the ondition (20) of Lemma 5 in ombination with a variant




= log x+O (1) . (23)








We hoose a sequene (xn)n∈N whih realises this ondition and for whih the








Choose a sub-sequene of (xnk) for whih
∑
k(log xnk)
−1 < ∞. Let P = P ∩
(∪(δxnk , xnk)), and set Q = P\P . This set does the job.
Next, we seek a set Q for whih the prime number theorem holds, but Panejah's
ondition fails. Consider the onseutive intervals Ik = (2
k, 2k+1). In eah interval,
hoose essentially the rst 2k/(k log k) prime numbers. This is seen to be exatly
possible for large k using the fat that the n'th prime pn ∼ n log n. Denote the
set of primes hosen in this way from the interval Ik by Pk. Set P = ∪Pk and let










To see that the prime number theorem for Q holds, we let δ ∈ (0, 1) and readily













Hene the ondition (20) of Lemma 5 holds. 
7. Conluding remarks
The onnetion between the operator ZK,I and the frame (11) was essentially













By the Cauhy-Shwarz inequality, the funtions in this spae are analyti for
σ > 1/2. It has been shown [Mon94, HLS97℄ that for a bounded interval I there
exists a onstant C > 0, only depending on the length of the interval I, suh that
for every F ∈ H 2, ∫
I
∣∣∣∣F (12 + it
)∣∣∣∣2 dt ≤ C‖F‖2H 2 .
This implies that for F ∈ H 2 then F (s)/s is in the lassial Hardy spae H2
on the half-plane σ > 1/2. In partiular, it follows that funtions in H 2 have
non-tangential boundary values almost everywhere on the absissa σ = 1/2. This
gives meaning to the notation F (1/2+ it) for F ∈ H 2. A speial ase of the main
result of [OS09℄ is now stated as follows.
Theorem A (Olsen and Saksman 2009). Let I be some bounded interval in R and
v ∈ L2(R). Then there exists a funtion F ∈ H 2 suh that ReF (1/2 + it) = v(t)
almost everywhere in L2(I).
This result may be reformulated as saying that GN, as dened in (11), forms a
frame for L2(I). As a onsequene, the Corollary 1 implies that we an replae
H
2












for whih K satises ondition (c) of Theorem 2. For more on the emerging theory
of the spae H 2, see [HLS97, GH99, Bay02, KQ02, HS03, Bay03, MC04, Hel05,
Que07, SS07, Sei08℄.
Finally we mention that the spaes H p were dened for arbitrary p > 0 by
F. Bayart in [Bay02℄. By an idea of H. Bohr, they are dened to be the Dirihlet
series for whih the oeients are Fourier oeients of funtions in the Hardy
spae Hp(T∞), where T∞ =
{
(z1, z2, . . .) : zj ∈ T
}
) is equipped with the produt
topology. For p = 2 this denition oinides with the denition of H 2 given
above. The behaviour of funtions in these spaes is for the most part unknown.
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